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Abstract
The nonrelativistic reduction of the self-consistent covariant density functional theory is realized
for the first time with the similarity renormalization group (SRG) method. The reduced nonrela-
tivistic Hamiltonian and densities are calculated by solving the corresponding flow equations with
a novel expansion in terms of the inverse of the Dirac effective mass. The efficiency and accuracy
of this newly proposed framework have been demonstrated for several typical spherical nuclei. It
is found that the exact solutions of the total energies, traces of vector and scalar densities, and
the root-mean-square radii are reproduced quite well for all nuclei. This allows one to directly
compare and bridge the relativistic and nonrelativistic nuclear energy density functional theories
in the future.
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The experimental facilities with radioactive beams have extended our knowledge of nu-
clear chart to the very limits of nuclear binding. Theoretically, enormous efforts have been
made to understand the physics of nuclear many-body systems based on microscopic ap-
proaches. The nuclear density functional theory (DFT) is one of the most popular ap-
proaches in this context [1]. It starts from a universal energy density functional and can
achieve a global description for almost all nuclei in a fairly good accuracy.
Depending on the way how the energy density functionals are built, there are two kinds
of DFTs for nuclear systems including the nonrelativistic and covariant DFTs. Due to the
consideration of the Lorentz symmetry, the covariant density functional theory (CDFT) has
attracted a lot of attention in nuclear physics [2]. An essential ingredient of CDFT is to
solve the relativistic Kohn-Sham equation with its effective single-particle potentials, i.e., a
Dirac equation with an attractive scalar potential and a repulsive vector potential. Both
potentials are as large as several hundreds MeV, while the cancellation between them leads
to a relatively weak potential felt by nucleons in the Fermi sea. This reveals clearly the
relativistic dynamics, rather than the relativistic kinematics, in describing the phenomena
of low-energy nuclear structure. For this reason, the nonrelativistic density functionals are
also very successful.
To bridge the nonrelativistic and covariant DFTs has been a longstanding task in nuclear
physics, and it would allow a direct comparison between the nonrelativistic limit of covari-
ant density functionals and the nonrelativistic density functionals. Such a comparison is
motivated by the fact that the role and importance of the various terms in either covariant
or nonrelativistic energy density functionals have not been completely understood so far.
Furthermore, different density functional predictions exhibit systematic differences, which
cannot yet be mapped onto the corresponding features of energy density functionals. A
bridge between the nonrelativistic and covariant DFTs could help clarify these questions.
In particular, the CDFT allows one to describe the spin-orbit coupling and the time-
odd fields [3, 4] in a natural and consistent way. This could provide useful guidance for
nonrelativistic density functionals. For instance, the spin-orbit properties in CDFT have
been used to improve the isospin dependence of the spin-orbit potential in nonrelativistic
Skyrme functionals [5]. Such a connection is also helpful to deepen our understanding on
the interplay between the scalar and vector channels in the CDFT.
An efficient nonrelativistic reduction of the Dirac equation with large scalar and vec-
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tor potentials is crucial to bridge the covariant and nonrelativistic DFTs. This is usually
achieved by solving the Scho¨dinger-like equations for the upper and lower components of
the Dirac spinors [6, 7]. Based on this framework, it was found that the density dependence
of the standard Skyrme functional may be too simple, and the expansion of the folding in
terms of ∆ρ may be inappropriate [6].
In Ref. [8], a novel procedure for continuous unitary transformations, known as the simi-
larity renormalization group (SRG) method, was introduced to reduce the Dirac Hamiltonian
to a quasidiagonal form, i.e., two noninteracting parts corresponding to the positive and neg-
ative energies, respectively. The flow equations of the reduced nonrelativistic Hamiltonian
are solved by an expansion in a series of 1/M (M is the bare mass of the Dirac particle).
In contrast to the Scho¨dinger-like equations, the Hermitian of the reduced nonrelativistic
Hamiltonian here is guaranteed at every order of the expansion. This method has been used
to investigate the pseudospin symmetries in nuclei [9, 10] and the nuclear proton radioactiv-
ity [11]. However, due to the existence of the large scalar potential in CDFT, the convergence
of the 1/M expansion is very slow. Specifically, to acquire an accuracy around 0.2 MeV for
the single-particle energies, the expansion should be at least up to 1/M4 order [12]. This
prevents it from self-consistent calculations.
In the very recent work, an efficient solution of the Dirac Hamiltonian flow equations
has been proposed through a novel expansion with the inverse of the Dirac effective mass
M˜ =M+S [13]. It is found that the exact solutions of the Dirac equation can be reproduced
with a high accuracy up to only a few lowest order terms in the expansion. This provides the
possibility to perform self-consistent CDFT calculations with the SRG method. However,
to achieve the goal, one has to build the scalar and vector densities accurately with the
wavefunctions at the nonrelativistic limit by solving the corresponding flow equations.
In this paper, for the first time, the covariant DFT is solved self-consistently by a nonrel-
ativistic reduction with the SRG method. The flow equations for the Dirac Hamiltonian and
the vector- and scalar-density operators are solved with a novel expansion in terms of the
inverse of the Dirac effective mass 1/M˜ . The efficiency and accuracy of the nonrelativistic
reduced CDFT are demonstrated for typical spherical nuclei.
In CDFT, one needs to solve the Dirac Hamiltonian,
H = α · p+ β(M + S) + V, (1)
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where α and β are the Dirac matrices, M is the mass of nucleon, and S and V are the scalar
and vector potentials, respectively. With the SRG method [8, 14], the Dirac Hamiltonian
H can be transformed by a unitary operator U(l) as
H(l) = U(l)HU †(l), H(0) = H, (2)
where l is a flow parameter. The flow equation can be obtained by calculating the derivative
of H(l) with respect to l,
dH(l)
dl
= [η(l), H(l)], (3)
with the generator,
η(l) =
dU(l)
dl
U †(l) = −η†(l). (4)
Similar to Ref. [13], the generator η(l) = [β,H(l)] is chosen to transform the Dirac Hamil-
tonian [Eq. (1)] into a block-diagonal form.
The Hamiltonian H(l) can be written as an even operator E(l) and an odd one O(l),
H(l) = E(l) +O(l), (5)
where the even and odd operators are defined by the commutation relation with the β
matrix, i.e., E(l)β = βE(l) and O(l)β = −βO(l). The initial conditions for E(l) and O(l)
read,
E(0) = β(M + S) + V, O(0) = α · p. (6)
In Ref. [13], both E(l) and O(l) are solved by a perturbative expansion of 1/M˜ with M˜ =
M + S. One can find that E(l) is finite and O(l) exponentially goes to zero in the limit of
l →∞. Therefore, one can finally obtain a block-diagonal Hamiltonian H(∞).
In the following, we denote the eigenfunctions of the original Hamiltonian H in Eq. (1)
and the transformed one H(∞) as ψ and φ, respectively. Obviously, they are connected by
the unitary transformation U(l),
ψ = lim
l→∞
U †(l)φ. (7)
Therefore, the vector and scalar densities are written as,
ρv(r) =
∫
d3r′ ψ†(r′)δ(r − r′)ψ(r′)
= lim
l→∞
∫
d3r′ φ†(r′)U(l)δ(r − r′)U †(l)φ(r′), (8a)
4
ρs(r) =
∫
d3r′ ψ†(r′)βδ(r − r′)ψ(r′)
= lim
l→∞
∫
d3r′ φ†(r′)U(l)βδ(r − r′)U †(l)φ(r′). (8b)
By defining the transformations,
Rv(l) ≡ U(l)δ(r − r
′)U †(l), Rs(l) ≡ U(l)βδ(r − r
′)U †(l), (9)
one can obtain the flow equations of Rv,s(l),
dRv,s(l)
dl
= [η(l), Rv,s(l)], (10)
with the initial conditions,
Rv(0) = δ(r − r
′), Rs(0) = βδ(r − r
′). (11)
Similar to H(l) in Eq. (5), the Rv,s(l) can be also split up into the even R
e
v,s(l) and the
odd Rov,s(l) parts,
Rv,s(l) = R
e
v,s(l) +R
o
v,s(l). (12)
By solving the flow equations (10) with the perturbative expansion in 1/M˜ , we obtain
Rev(∞) =δ(r − r
′)−
[O(0), [O(0), δ(r − r′)]]
8M˜2
+O(M˜−3), (13a)
Res(∞) =βR
e
v(∞)− βδ(r − r
′)O(0)
1
2M˜2
O(0)
− β
[O(0), δ(r − r′)]
2M˜2
O(0) +O(M˜−3). (13b)
As a result, the vector and scalar densities read,
ρv,s = lim
l→∞
∫
d3r′ φ†(r′)Rev,s(l)φ(r
′). (14)
For spherical nuclei, the initial condition for O(0) [see Eq. (6)] is reduced as
O(0) =

 0 − ddr + κr
d
dr
+ κ
r
0

 , (15)
where κ = (−1)j+l+1/2(j + 1/2) depending on the calculated single-particle state. Accord-
ingly, the reduced nonrelativistic Hamiltonian for nucleons in the Fermi sea reads
HF = V + S −
d
dr
1
2M˜
d
dr
+
1
2M˜
κ(κ+ 1)
r2
−
V ′ − S ′
4M˜2
κ
r
+
V ′′ + S ′′
8M˜2
− p2
1
8M˜3
p2 −
3S ′2
16M˜3
−
S ′V ′
8M˜3
+
V ′2
16M˜3
+O(M˜−4),
(16)
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with the definition p2 = − d
2
dr2
+ κ(κ+1)
r2
. Furthermore, the vector ρv and scalar ρs densities
can be calculated via
4pir2ρv(r) = ρ0 +
d
dr
[
1
4M˜2
κ
r
ρ0
]
+
d2
dr2
[
1
8M˜2
ρ0
]
+O(M˜−3), (17a)
4pir2ρs(r) = 4pir
2ρv +
1
2M˜2
φ†φ′′ −
S ′
M˜3
φ†φ′ −
[
S ′
M˜3
κ
r
+
1
2M˜2
κ(κ + 1)
r2
]
ρ0
−
d
dr
[
1
2M˜2
κ
r
ρ0 +
1
2M˜2
φ†φ′
]
+O(M˜−3), (17b)
where φ(r) is the eigenfunction of HF in Eq. (16) and ρ0 ≡ φ
†φ. The primes and the double
primes denote the first- and second-order derivatives with respect to r, respectively.
In the present work, the newly proposed nonrelativistic reduction framework is applied
to solve the CDFT self-consistently. The point-coupling density functional PC-PK1 [15]
is adopted. The reduced Hamiltonian HF for each κ is solved in a large set of spherical
harmonic oscillator basis with the radial quantum number nr < 20. The obtained results
are compared with the “exact” solutions of the CDFT, which are obtained by the shooting
method [16] with the box size R = 20 fm and the mesh size 0.1 fm. The center-of-mass correc-
tion energy is taken into account by the phenomenological formula Ec.m. = −
3
4
41A−1/3 MeV.
Before performing self-consistent calculations, we first examine the accuracy of the vector
and scalar densities in Eqs. (17a) and (17b) for a fixed spherical Woods-Saxon potential,
which corresponds to the neutron potential of 208Pb in Ref. [13]. In Fig. 1, the vector 4pir2ρv
and scalar 4pir2ρs densities, as well as their differences 4pir
2(ρv − ρs) for the single-particle
states 2s1/2 and 1d3/2 are shown as a function of the radial coordinate r in comparison with
the corresponding exact solutions. One can see that both the scalar and vector densities
given by the SRG method are almost identical with the exact ones. The single-particle
states 2s1/2 and 1d3/2 form a pair of pseudospin doublets, so the small components of the
corresponding Dirac spinors share similar distributions and the same number of nodes [17].
This is revealed by the differences between the vector and scalar densities shown in Figs. 1(e)
and 1(f). In comparison with the exact solutions, the position of the node is reproduced
quite well, and only very slight deviations on the maximum amplitude are found. This
indicates that the present expansion for solving the flow equations on the vector- and scalar-
density operators converges accurately and efficiently. It is worthwhile to mention that such
relativistic corrections to the densities have been discussed with the Douglas-Kroll-Hess
transformation [18, 19] in Coulombic systems without scalar potentials, and the reconsti-
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FIG. 1. (Color online) The vector 4pir2ρv [panels (a) and (b)] and scalar 4pir
2ρs densities [panels
(c) and (d)], as well as their differences 4pir2(ρv − ρs) [panels (e) and (f)] as a function of the
radial coordinate r for the single-particle states 2s1/2 and 1d3/2 in a given spherical Woods-Saxon
potential. The solid and dashed lines represent the results given by the exact solutions and the
SRG method. A factor of 10 has been multiplied for 4pir2(ρv − ρs) in panels (e) and (f).
TABLE I. The total energy Etot, the traces of vector Tr(ρv) and scalar Tr(ρs) densities, and
the root-mean-square radius Rm for the nucleus
208Pb obtained by the exact solutions, the SRG
method, and the SRG method with the higher-order (p6) term (see text).
Etot [MeV] Tr(ρv) Tr(ρs) Rm [fm]
Exact −1637.45 208.00 199.63 5.62
SRG −1652.87 208.00 199.50 5.70
SRG (p6) −1640.77 208.00 199.60 5.71
tuted Foldy-Wouthuysen transformation with large scalar potentials [20, 21], where a similar
nonrelativistic expansion of 1/M˜ is adopted.
Self-consistent CDFT calculations have been performed with the SRG method by taking
the nucleus 208Pb as an example. The calculated bulk properties including the total energy,
the traces of vector and scalar densities, and the root-mean-square radius are summarized
in Table I in comparison with the exact solutions, where the traces of vector and scalar
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densities are calculated by
Tr(ρv,s) =
∫
d3r ρv,s(r) =
∫ ∞
0
dr 4pir2ρv,s(r). (18)
All these bulk properties are reproduced satisfactorily with the SRG method. In particular,
the traces of the vector and scalar densities are conserved quite well.
The accuracy of the present SRG method can be improved straightforwardly by taking
into account the higher-order terms forHF . In particular, as mentioned in Ref. [13], the first-
order relativistic correction of the kinetic energy, given by −βO2(0) 1
8M˜3
O2(0), can improve
the accuracy of the description significantly. Inspired by the nonrelativistic expansion of the
relativistic kinetic energy,
√
p2 +M2 −M =
p2
2M
−
p4
8M3
+
p6
16M5
+ · · · , (19)
here, we further take into account the second-order correction for the kinetic energy, i.e.,
βO3(0)
1
16M˜5
O
3(0), (20)
which is denoted as p6-term in short. It is found that the calculated total energy for 208Pb
is improved remarkably by considering the p6-term in the present SRG scheme. The radius
is not sensitive to this kinetic energy term, and its improvement should require higher-order
terms of Rev,s(∞) in Eqs. (13a) and (13b).
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FIG. 2. (Color online) The self-consistent Kohn-Sham potential V (r)+S(r) and the single-particle
spectrum for neutrons in 208Pb. The solid and dashed lines denote the results given by the exact
solutions and the SRG method, respectively.
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Apart from the bulk properties, it is also interesting to compare other quantities. Figure 2
depicts the self-consistent Kohn-Sham potential V (r)+S(r) and the single-particle spectrum
for neutrons in 208Pb given by the exact solutions and the SRG method. The overall shape of
the Kohn-Sham potential V (r)+S(r) given by the SRG method is in a good agreement with
the exact solution. Quantitatively, the potential obtained by the SRG method is shallower
by around 3 MeV for r < 5 fm and slightly deeper for r > 6 fm, in comparison with the
exact potential. It influences the single-particle spectrum accordingly and, as seen in Fig. 2,
the deeply bound single-neutron levels given by the SRG method are higher than the exact
ones by around 3 MeV, while the weakly bound levels are in good agreement with the exact
ones. This is due to the fact that the weakly bound levels are usually more diffuse and, thus,
less sensitive to the interior part of the potential, as compared with the deeply bound levels.
In despite of the visible deviations from the exact single-particle levels, it should be noted
that the spacings of single-particle energies, especially the spin-orbit splitting energies are
reproduced quite well with the SRG method. This indicates that the nuclear shell structure
in the CDFT is preserved quite well by the present nonrelativistic reduction with the SRG
method.
It has been found in the solutions with a fixed potential that the exact energies for
deeply bound states are reproduced better than those for the weakly bound states, because
the latter are usually sensitive to higher momentum components [13]. Nevertheless, here
the self-consistent single-particle energies exhibit a different feature because they are mainly
determined by the interplay between the attractive scalar and repulsive vector potentials.
In the present work, we find that the differences between the vector and scalar densities
from the SRG approach are slightly larger than the exact solutions in the interior region
[see Figs. 1(e) and 1(f) for the 2s1/2 and 1d3/2 densities as examples]. Therefore, as shown
in Fig. 2, the mean potential from the present SRG method is slightly shallower than the
exact one in the interior region.
In Fig. 3, the total vector ρv and scalar ρs density distributions for
208Pb are presented.
Similar to the Kohn-Sham potentials shown in Fig. 2, a good overall agreement between the
exact densities and the ones given by the SRG method is achieved. The magnitudes of both
scalar and vector densities are underestimated by about 0.007 fm−3 in the interior region
(r < 5 fm), while slightly overestimated in the surface part (r > 6 fm). This feature is also
consistent with that observed in the comparison of the potentials V (r) + S(r). To calculate
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FIG. 3. (Color online) The total vector ρv (top) and scalar ρs (bottom) densities for
208Pb given
by the exact solutions (solid lines) and the SRG method (dashed lines). The densities taking into
account the spherical metric factor 4pir2 are also shown for comparison.
the observables, however, one needs to integrate the densities over r from zero to infinity with
the spherical metric factor 4pir2. One can easily seen that the differences of densities given
by the SRG method and the exact solutions are suppressed significantly by the spherical
metric. This is also consistent with the high accuracy achieved in the description of the
observables including the total energy and radius listed in Table I.
Apart from the nucleus 208Pb, the present SRG scheme has also been examined with
other spherical nuclei including 16O, 40,48Ca, and 100,120,132Sn. The calculated results can
be seen in Fig. 4, where the total energies per particle Etot/A, the traces of scalar density
per particle Tr(ρs)/A, and the root-mean-square radii Rm scaled by A
1/3 are shown in
comparison with the exact solutions. The exact results for the all these spherical nuclei can
be reproduced with a satisfactory accuracy. This indicates that the proposed SRG scheme
for the nonrelativistic reduction of the CDFT is applicable for all nuclei. After taking into
account the p6-term in the SRG method, the description of the total energies and the traces
of scalar density given by the SRG method is improved for all nuclei. The mean deviation
for Etot/A is reduced to 0.035 MeV for the seven nuclei. Similar to the case of
208Pb, the
radii are not sensitive to the p6-term for all nuclei, since their improvement should require
higher-order terms of Rev,s(∞) in Eqs. (13a) and (13b).
In summary, the nonrelativistic reduction of the self-consistent covariant density func-
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FIG. 4. (Color online) The total energy per particle Etot/A (top), the trace of scalar density per
particle Tr(ρs)/A (middle), and the root-mean-square radius Rm scaled by A
1/3 (bottom) for the
nuclei 16O, 40,48Ca, 100,120,132Sn, and 208Pb. The squares, circles, and triangles represent the results
given by the exact solutions, the SRG method, and the SRG method with the higher-order (p6)
term, respectively.
tional theory is realized for the first time with the similarity renormalization group method.
The reduced nonrelativistic Hamiltonian is obtained by solving the Dirac Hamiltonian flow
equations with a novel expansion in terms of the inverse of the Dirac effective mass. The
vector and scalar densities are determined by the corresponding transformation of the den-
sity operators. The efficiency and accuracy of this newly proposed framework have been
demonstrated for several typical spherical nuclei. It is found that the exact solutions of the
total energies, traces of vector and scalar densities, and the root-mean-square radii are re-
produced quite well for all nuclei. By taking 208Pb as an example, the Kohn-Sham potential,
the single-particle spectrum, and the density distributions are examined, and a satisfactory
agreement with the corresponding exact solutions is achieved. This allows one to directly
compare and bridge the relativistic and nonrelativistic nuclear energy density functional
11
theories in the future.
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